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Abstract 

Several physical systems (two identical particles in two dimensions, isotropic oscillator 
and Kepler system in a 2-dim curved space) and mathematical structures (quadratic algebra 
QH(3), finite W algebra Wo) are shown to posses the structure of a generalized deformed 
su(2) algebra, the representation theory of which is known. Furthermore, the general- 
ized deformed parafermionic oscillator is identified with the algebra of several physical 
systems (isotropic oscillator and Kepler system in 2-dim curved space, Fokas-Lagerstrom, 
Smorodinsky-Winternitz and Holt potentials) and mathematical constructions (generalized 
deformed su(2) algebra, finite W algebras W and W^). The fact that the Holt potential 

(2) 

is characterized by the W3 symmetry is obtained as a by-product. 



1 e-mail: bonat@ectstar.ect.unitn.it, bonat@cyclades.nrcps.ariadne-t.gr 
2 e-mail: daskaloyanni@olymp . ccf . auth . gr 



1 



1. Introduction 

Quantum algebras (quantum groups) 1,2 , which are nonlinear generalizations of the usual 
Lie algebras to which they reduce for appropriate values of the deformation parameter (s), 
have been finding applications as the dynamical symmetry algebras of several physical 
systems. For the boson realization of these algebras, various kinds of deformed oscillators 
have been introduced 3-7 and unification schemes for them have been suggested (see 8 for 
a list of references). 

Furthermore, generalized deformed su(2) algebras have been introduced 9 ' 10 , in a way 
that their representation theory remains as close as possible to the usual su(2) one. It will 
be shown here that several physical systems (two identical particles in two dimensions 11 , 
isotropic oscillator and Kepler system in a 2-dim curved space 12 ), as well as the quadratic 
algebra QH(3) 13 and the finite W algebra W 14 can be accommodated within this scheme. 
The advantage this unification offers is that the representation theory of the generalized 
deformed su(2) algebras is known 9 . 

In addition, generalized parafermionic oscillators have been introduced 15 , in analogy 
to generalized deformed oscillators 16 . It will be shown here that several physical sys- 
tems (isotropic oscillator and Kepler system in a 2-dim curved space 12 , Fokas-Lagerstrom 
potential 17 , Smorodinsky-Winternitz potential 18 , Holt potential 19 ) and mathematical 
constructions (generalized deformed su(2) algebra 9,1 °, finite W algebras W 14 and 
20 ~ 22 ) can be accommodated within this framework. As a by-product the fact that the Holt 

(2) 

potential is characterized by the W3 symmetry occurs. 

In section 2 the cases related to the generalized deformed su(2) algebra will be studied, 
while in section 3 the systems related to generalized deformed parafermionic oscillators will 
be considered. Section 4 will contain discussion of the present results and plans for further 
work. 

2. Generalized deformed su(2) algebras 

Generalized deformed su(2) algebras having representation theory similar to that of the 
usual su(2) have been constructed in 9 . It has been proved that it is possible to construct 
an algebra 

[Jo, J±] = ±J±, [J+, J-] = $(J (Jo + 1)) - HMJo - 1)), (1) 
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where Jo, J+, J- are the generators of the algebra and $(x) is any increasing entire function 
defined for x > —1/4. Since this algebra is characterized by the function <£>, we use for it 
the symbol su$(2). The appropriate basis \l,m > has the properties 

J |/, m >= m\l, m >, (2) 

J + \l,m>= + 1)) - $(m(m + l))\l,m + 1 >, (3) 

J_\l,m>= \f$(l(l + 1)) - $(m(m - l))\l,m- 1 >, (4) 

where 

13 5 

J = 0,-,l,-,2,-,3,..., (5) 

and 

m = -I, -I + 1, -I + 2, . . . , I - 2, / - 1, 1. (6) 

The Casimir operator is 

C = J_J + + $(J (J + 1)) = J + J_ + $(J (J - 1)), (7) 
its eigenvalues indicated by 

C\l,m>=<Z>(l(l + l))\l,m> . (8) 
The usual su(2) algebra is recovered for 

$(x(x + 1)) = x(x + 1), (9) 

while the quantum algebra su g (2) 

[Jo, J±] = ± J±, [J+, J_] = [2 J ]„ (10) 

occurs for 

+ = + (11) 

with g-numbers defined as 

The su$(2) algebra occurs in several cases, in which the rhs of the last equation in (1) 
is an odd function of J . 



2. 1 Two identical particles in two dimensions 

Let us consider the system of two identical particles in two dimensions. For identical 
particles observables of the system have to be invariant under exchange of particle indices. 
A set of appropriate observables in this case is 11 

u = (xi) 2 + (x 2 ) 2 , v = (xi) 2 - (x 2 ) 2 , w = 2xix 2) (13) 

U = (Pi) 2 + (P2) 2 , V = ( Pl f - (p 2 ) 2 , W = 2p lP2 , (14) 

Ci = -(xipi +pixi), C 2 = -{x 2 p 2 +p 2 x 2 ), M = x 1 p 2 + x 2 p 1 , (15) 

where the indices 1 and 2 indicate the two particles. These observables are known to close 
an sp(4,R) algebra. A representation of this algebra can be constructed 11,23 using one 
arbitrary constant r\ and three matrices Q, R, and S satisfying the commutation relations 

[S, Q] = -2iR, [S, R] = 2iQ, [Q, R] = -8iS(r) - 2S 2 ). (16) 

The explicit expressions of the generators of sp(4,R) in terms of rj, S, Q, R are given in 11 
and need not be repeated here. Defining the operators 

X = Q-tR, Y = Q + iR, Sb = |, (17) 

one can see that the commutators of eq. (16) take the form 

[S ,X\=X, [S ,Y] = -Y, [X,Y]=32S ( V -8(S ) 2 ), (18) 

which is a deformed version of su(2). It is clear that the algebra of eq. (18) is a special 
case of an su$(2) algebra with structure function 

$(J (Jo + 1)) = 16^J (^o + 1) - 64(J (Jo + l)) 2 . (19) 

The condition that <&(x) has to be an increasing function of x implies the restriction x < rj/8. 

2.2 Kepler problem in 2-dim curved space 

Studying the Kepler problem in a two-dimensional curved space with constant curvature 
A one finds the algebra 12 

[L, R ± ] = ±R ± , [R-,R + ] =F(L + ^-F(L-^j, (20) 
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where 

F(L) =/2 2 + 2HL 2 - XL 2 (l 2 - . 

It is then easy to see that 

[R+, R-] = 2L {-2H + ^) + 4Al3 - 
which corresponds to an su$(2) algebra with 

$( J (Jo + 1)) = (-2H + J (J + 1) + X(J (J + I)) 2 - 
For $(x) to be an increasing function, the condition 

Xx > H - - 

8 

has to be obeyed. 

2.3 Isotropic oscillator in 2-dim curved space 

In the case of the isotropic oscillator in a two-dimensional curved space with 
curvature A one finds the algebra 12 

[L, S ± ] = ±2S ± , [S_,S + ] = G(L + 1) - G(L - 1), 

with 

G(L) =H 2 -^u 2 + ^ + XH^j L 2 + -^\ 2 L\ 
Using L = L/2 one easily sees that 

[L, S±] = ±S±, [S+, S-] = 8L (uo 2 - ^ + XH) - 16A 2 L 3 , 
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which corresponds to an su$(2) algebra with 



$(Jo(J + 1)) = 4 (u 2 - ^ + XH^j J (J + 1) - 4A 2 (J (Jo + l)) 2 - 
For $(x) to be an increasing function, the condition 



1 / o A 
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has to be satisfied. 



2.4 The quadratic Hahn algebra QH(3) 
The quadratic Hahn algebra QH(3) 13 

[K 1 ,K 2 ]=K 3 , 

[K 2 , K 3 ] = A 2 K\ + C X K X + DK 2 + G u 

[K 3 , K x \ = A 2 {K X K 2 + K 2 K X ) + C 2 K 2 + DK 1 + G 2 , 

can be put in correspondence to an su$(2) algebra in the special case in which C\ 
and D = G 2 = 0. The equivalence can be seen 24 by defining the operators 

T _ J+ + J- j J+ J— 

J\ — , -Ji — 



2 ' 2% 
Then the su$(2) commutation relations can be written as 

[J ,Ji]=iJ 2 , [J , J 2 ] = -iJ x , 

[Jx, J 2 ] = (J (Jo + 1)) - HMJo ~ I))- 
Subsequently one can see that the two algebras are equivalent for 

K 1 = J 1 + A 2 Jl + d, K 2 = J , K 3 = -1J2, 

and 

$( J (J + 1)) = -(2A 2 Gx + C 2 ) J (^o + 1) - Al(J (Jo + I)) 2 - 
For $(x) to be an increasing function, the condition 

2A 2 G X + C 2 
x < 

2A 2 2 

has to be obeyed. 

2.5 The finite W algebra W 

It is worth remarking that the finite W algebra W 14 

[U ,L±]=±L± 
[L+ L ] = (-k(k - 1) - 2(k + l)h)U + 2(f/ ) 3 , 



is also an su$(2) algebra with 

$( J (J + 1)) = _ (fc + 1)^ J o(Jo + 1) + I(J o(Jo + 1))2. (41) 

For to be an increasing function, the condition 

x> k ( k ~V +(k + l)h (42) 

has to be satisfied. 

In all of the above cases the representation theory of the su$(2) algebra immediately 
follows from eqs. (2)-(4). In each case the range of values of the free parameters is limited 
by the condition that <&(#) has to be an increasing entire function defined for x > —1/4. 
The results of this section are summarized in Table 1. 

3. Generalized deformed parafermionic oscillators 

The relation of the above mentioned algebras, and of additional ones, to generalized 
deformed parafermions is also worth studying. 

A deformed oscillator 8 ' 16 can be defined by the algebra generated by the operators 
{1, a, a + , N} and the structure function satisfying the relations: 

[a,N] = a, [a + ,N] = -a + , (43) 

and 

a + a = $(7V) = [N], aa + = <Z>(N + 1) = [N + 1], (44) 

where <&(#) is a positive analytic function with $(0) = and N is the number operator. 
From eq. (44) we conclude that: 

N = (a+a) , (45) 
and that the following commutation and anticommutation relations are obviously satisfied: 

— [N + 1] — [N], [a,a + } = [N + l] + [N]. (46) 



a, a + 



The structure function <3>(x) is characteristic to the deformation scheme. In Table 2 
(cases i-iv) the structure functions corresponding to various deformed oscillators are given. 



The generalized deformed algebras possess a Fock space of eigenvectors |0 >, |1 >, 
\n >, . . . of the number operator N 

N\n >= n\n >, < n\m >= 5 nm , (47) 

if the vacuum state |0 > satisfies the following relation: 

a\0 >= 0. (48) 

These eigenvectors are generated by the formula: 

\n>= ^=(a + Y\0>, (49) 

v / M' v ; 

where 

n n 

M!=n[*] = n*(*)- ( 5 °) 

k=l k=l 

The generators a + and a are the creation and destruction operators of this deformed oscil- 
lator algebra: 

a\n >= ^J\n]\n - 1 >, a + \n >= \j[n + l]|ra + 1 > . (51) 

It has been proved 15 that any generalized deformed parafermionic algebra of order p 
can be written as a generalized oscillator with structure function 

F(x) = x(p+ 1 - x)(X + fix + vx 2 + px 3 + ax 4 + ...), (52) 

where A, //, u, p, a, . . . are real constants satisfying the conditions 

\ + px + vx 2 + px 3 + ax A + ... > 0, x e {1,2,..., p}. (53) 

3.1 The su®(2) algebra 

Considering an su$(2) algebra 9 with structure function 

$( J ( J + 1)) = AJ (J + 1) + S( J ( J + I)) 2 + C( J ( J + l)) 3 , (54) 
and making the correspondence 

J + -> A t , J_ — > A, J -> iV, (55) 



one finds by equating the rhs of the first of eq. (46) and the last of eq. (1) that the su$(2) 
algebra is equivalent to a generalized deformed parafermionic oscillator of the form 

F(N) = N(p + 1 - N) 

[-(p 2 (p + 1)C + pB) + (p 3 C + (p - 1)B)N 
+ {{P 2 -p + l)C + B)N 2 + (p- 2)CN 3 + CN% (56) 

if the condition 

A + p(p+ l)B+p 2 (p+ l) 2 C = (57) 

holds. The condition of eq. (53) is always satisfied for B > and C > 0. 

In the special case of C = one finds that the su$(2) algebra with structure function 

$( J ( J + 1)) = AJ (J + 1) + B( J ( J + l)) 2 (58) 

is equivalent to a generalized deformed parafermionic oscillator characterized by 

F(N) = BN(p +l-N)(-p+(p- 1)N + N 2 ), (59) 

if the condition 

A + p(p+l)B = (60) 

is satisfied. The condition of eq. (53) is satisfied for B > 0. 

Including higher powers of Jo(Jo + 1) in eq. (54) results in higher powers of iV in eq. 
(56) and higher powers of p(p + 1) in eq. (57). If, however, one sets B = in eq. (58), then 
eq. (59) vanishes, indicating that no parafermionic oscillator equivalent to the usual su(2) 
rotator can be constucted. 

3.2 The finite W algebra W 

The Wo algebra 14 of eqs (39)- (40) is equivalent to a generalized deformed parafermionic 
algebra with 

F(N) = N(p + l- N)-{-p + (p- l)N + N 2 ), (61) 
provided that the condition 

k(k - 1) + 2(k + l)h = p(p + 1) (62) 
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holds. One can easily check that the condition of eq. (53) is satisfied without any further 
restriction. 

3.3 Isotropic harmonic oscillator in a 2-dim curved space 

The algebra of the isotropic harmonic oscillator in a 2-dim curved space with constant 
curvature A for finite representations can be put in the form 25 

F{N) = 4N(p + 1-N) (\(p + 1 - N) + ^Jlo 2 + A 2 /4) (xN + ^ju 2 + A 2 /4) , (63) 

the relevant energy eigenvalues being 



E P = ^ + ^{p+l) + ^{p+l)\ (64) 

where u is the angular frequency of the oscillator. It is clear that the condition of eq. (53) 
is satisfied without any further restrictions. 

3.4 The Kepler problem in a 2-dim curved space 

The algebra of the Kepler problem in a 2-dim curved space with constant curvature A 
for finite representations can be put in the form 25 

m)=N(P+1 - N) ^ + jiii^iy (65) 

the corresponding energy eigenvalues being 

F - 2/i2 + MP + 2 ) (m] 

where n is the coefficient of the — 1/r term in the Hamiltonian. It is clear that the restric- 
tions of eq. (53) are satisfied automatically. 

3. 5 The Fokas-Lagerstrom potential 

The Fokas-Lagerstrom potential 17 is described by the Hamiltonian 

H = \(£+Pl) + Y + Tt- (67) 

It is therefore an anisotropic oscillator with ratio of frequencies 3:1. For finite representa- 
tions it can be seen 25 that the relevant algebra can be put in the form 

F(N) = 16N(p + 1 - N) (p + I - Nj (p + ^ - N) (68) 
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for energy eigenvalues E p — p + 1, or in the form 

F(N) = 16N(p + 1 - N) (p + - - Nj [p + i - Nj (69) 
for eigenvalues E p = p + 2/3, or in the form 

F(N) = 16N(p + 1 - N) [p + jj - Nj (p + | - Nj (70) 

for energies E p = p + 4/3. In all cases it is clear that the restrictions of eq. (53) are satisfied. 
3.6 The Smorodinsky-Winternitz potential 

The Smorodinsky-Winternitz potential 18 is described by the Hamiltonian 

H = kpl+pl) + k(x 2 + y 2 ) + ^, (71) 

i.e. it is a generalization of the isotropic harmonic oscillator in two dimensions. For finite 
representations it can be seen 25 that the relevant algebra takes the form 

F(N) = 1024k 2 N(p + 1 - N) (n + ^j (p + 1 + ^ + 8c _ N^j (72) 
for c > —1/8 and energy eigenvalues 

5 , VT+8~c\ 

p=l,2,.... (73) 



E p = V8k [p+\ + 



4 J 7 

In the special case of— l/8<c<3/8 and energy eigenvalues 



E p = V8k [p+\ 



« ^F], p = 1 , 2 ,... (74) 



the relevant algebra is 



F(N) = 1024k 2 N(p +l-N)(N + ^j(p+l- ^ X + 8c _ N 



(75) 



In both cases the restrictions of eq. (53) are satisfied. 
3. 7 Two identical particles in two dimensions 

Using the same procedure as above, the algebra of eq. (18) can be put in correspondence 
with a parafermionic oscillator characterized by 

F(N) =N(p + l- N)Q4(p + (1 - p)N - N 2 ), (76) 
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if the condition 

r] = Ap(p+l) (77) 
holds. However, the condition of eq. (53) is violated in this case. 

3.8 The quadratic Hahn algebra QH(3) 

For the quadratic Hahn algebra QH(3) of eqs (30)-(32) one obtains the parafermionic 
oscillator with 

F(N) =N(p+l- N)A\{p + (1 - p)N - N 2 ), (78) 

if the condition 

pip + \)A\ + 2A 2 G 1 + C 2 = (79) 
holds. Again, eq. (53) is violated in this case. 

3.9 The finite W algebra W*£ ] 

The finite W algebra 20-22 is characterized by the commutation relations 

[H, E] = 2E, [H, F] = -2F, [E, F] = H 2 + C, (80) 

[C, E] = [C, F] = [C, H] = 0. (81) 
Defining H = H/2 these can be put in the form 

[H,E] = E, [H,F] = -F, [E,F}=AH 2 + C, (82) 

[C, E] — [C, F] — [C, H] — 0. (83) 
This algebra is equivalent to a parafermionic oscillator with 

F(N) = ^rN(p + 1 — N){2p — 1 + 2JV), (84) 

provided that the condition 

C = -|p(2p+l) (85) 

holds. One can easily see that the condition of eq. (53) is satisfied without any further 
restriction. 
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3.10 The Holt potential 
The Holt potential 19 



H= 1 -(pl+P 2 y ) + (x 2 + 4y 2 ) + - 2 (86) 

Zi Ob 



is a generalization of the harmonic oscillator potential with a ratio of frequencies 2:1. The 
relevant algebra can be put 25 in the form of an oscillator with 

F(N) = 2 23 ^N(p + i-N)(p+l+ Vl + 85 ~ N^j , (87) 
where (1 + 85) > 0, the relevant energies being given by 



£„ = V8( P+ l + ^±!). (88) 

In this case it is clear that the condition of eq. (53) is always satisfied without any further 
restrictions. 

In the special case — jjj < 5 < § one obtains 25 



F(N) = 2 2Z ' 2 N{p + i-N)(p + l- Vl + 85 - N 



(89) 



the relevant energies being 



E p = V8 (p + 1 



(90) 



The condition of eq. (53) is again satisfied without any further restrictions within the given 
range of 5 values. 

The deformed oscillator commutation relations in these cases take the form 

[iV, ^] = A\ [N,A] = -A, (91) 

[A, A^} = 2 23 / 2 (W 2 - N (4p + 1 ± VTT86) + p 2 ± ^pVTT86j . (92) 

It can easily be seen that they are the same as the commutation relations 20-22 with 
the identifications 

F = aA\ E = pA, C = f(p), H = -2N + k(p), (93) 
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where 

pa = 2" 19 / 2 /3, k{p) = ^ (4p + 1 ± VT+86) , (94) 

f(p) = - (Up 2 + Ap± (7p + 1)VTT86 + 1 + 45). (95) 

It is thus shown that the Holt potential possesses the symmetry. 
The results of this section are summarized in Table 2. 
4. Discussion 

In conclusion, we have shown that several physical systems (two identical particles in 
two dimensions, isotropic oscillator and Kepler system in a 2-dim curved space) and mathe- 
matical structures (quadratic Hahn algebra QH(3), finite W algebra W ) are identified with 
a generalized deformed su(2) algebra, the representation theory of which is known. The 
results are summarized in Table 1. Furthermore, the generalized deformed parafermionic 
oscillator is found to describe several physical systems (isotropic oscillator and Kepler sys- 
tem in a curved space, Fokas-Lagerstrom, Smorodinsky-Winternitz and Holt potentials) 
and mathematical constructions (generalized deformed su(2) algebras, finite W algebras 
W and Wjj 2) ). The results are summarized in Table 2. The framework of the generalized 
deformed parafermionic oscillator is more general than the generalized deformed su(2) al- 
gebra, since in the rhs of the relevant basic commutation relation in the former case (first 
equation in eq. 46) both odd and even powers are allowed, while in the latter case (eq. 1) 
only odd powers are allowed. 

The relevance of deformed oscillator algebras, finite W algebras and quadratic algebras 
in the study of the symmetries of the anisotropic quantum harmonic oscillator in two and 
three dimensions is receiving attention. 
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Table 1: Structure functions of generalized deformed su(2) algebras. For conditions of 
validity for each of them see the corresponding subsection of the text. 





$(J (J + 1)) 


Reference 


i 


Jo(J + 1) 


usual su(2) 


ii 


[J0W0 + l]q 


su 9 (2) 5 - 7 


iii 


16 V J (J + 1) - 64(J (J + l)) 2 


2 identical particles in 2-dim 
11 


iv 


(-2H + |) J (J + 1) + A( J ( Jo + I)) 2 


Kepler system in 2-dim 
curved space 12 


V 


4 (oo 2 - % + A7f ) J ( Jo + 1) - 4A 2 ( J ( Jo + l)) 2 


isotropic oscillator in 2-dim 
curved space 12 


vi 


-(2A 2 G 1 + C 2 ) J ( Jo + 1) - ^(J (J + l)) 2 


quadratic Hahn algebra 
QH(3) 13 


vii 


( ^ + Jo(Jo + l) + |(Jo(Jo + l)) 2 


finite W algebra W 14 
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Table 2: Structure functions of deformed oscillators. For conditions of validity and further 
explanations in the case of the various generalized deformed parafermionic oscillators see 
the corresponding subsection in the text. 





F(N) 


Reference 


1 


N 


harmonic oscillator 


ii 


CT" = m. 


g-deformed harmonic oscil- 






lator & ' 


iii 


N(p + 1- N) 


parafermionic oscillator 26 


iv 


[N] q [p + 1-N} q 


g-deformed parafermionic 

no ■ll nf „ 1 . 27 

oscillator 


V 


ATI _l_ 1 AT\ ( \ _l_ / 1 AT _l_ t / AT% i n AT3 _j_ „ A7"4 _j_ \ 
-/V [p + 1 — iv )[A + fJ>l\ + V iV + piv + <7iv + . . . J 


generalized deformed 
parafermionic oscillator 15 


vi 


N(p + 1 - AO [-(p 2 (p + l)C + p5) + (p 3 C + (p - 1)B)N 
+ ((P 2 -p+l)C+ B)N 2 + (p - 2)CW 3 + CAT 4 ] 


3-term su<j> (2) algebra 




(eq. 54) 


vii 


5iV(p + 1 - AQ(-P + ip ~ l ) N + ^ 2 ) 


2-term su$(2) algebra 
(eq. 58) 


viii 


N(p + 1 - iV)|(-p + (p - l)iV + N 2 ) 


finite W algebra W 


ix 


4N(p + 1-N) (A(p + 1 - N) + iJuj 2 + A 2 /4) 


isotropic oscillator in 2-dim 




(AiV + y^ 2 + A 2 /4) 


curved space 12 ' 25 


X 


JV(p + l-JV) ((^ F + A^±i 1 ^) 


Kepler system in 2-dim 




curved space 12,25 


xi 


16iV(p + 1-N)(p+1-N)(p+±-N) 


Fokas-Lagerstrom potential 




or 16iV(p + 1 - N) (p + I - N\(p + ± - N\ 


17,25 




or 16iV(p + 1 - N) [p + | - N) (p + § - Nj 




xii 


1024k 2 N{p +1 N) (N + I) (p + 1 ± Vl + 8c TV) 


Smorodinsky-Winternitz 




potential 18 ' 25 


xiii 


§JV(p + l- N)(2p- 1 + 2N) 


finite W algebra w£ 2) 20 ~ 22 


xiv 


2 23 / 2 N(p + 1 AT) (p + 1 ± Vl + 85 A^) 


Holt potential 19,25 
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